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Abstract We consider a random walk in a random potential on a square 
lattice of arbitrary dimension. The potential is a function of an ergodic envi- 
ronment and some steps of the walk. The potential can be unbounded, but 
it is subject to a moment assumption whose strictness is tied to the mixing 
of the environment, the best case being the i.i.d. environment. We prove that 
the infinite volume quenched point-to-point free energy exists and has a varia- 
tional formula in terms of an entropy. We establish regularity properties of the 
point-to-point free energy, as a function of the potential and as a function on 
the convex hull of the admissible steps of the walk, and link it to the infinite 
volume free energy and quenched large deviations of the endpoint of the walk. 
One corollary is a quenched large deviation principle for random walk in an 
ergodic random environment, with a continuous rate function. 
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1 Introduction 

Fix a dimension G N. Let 7?. C Z** be a finite subset of the square lattice and 
let P denote the distribution of the random walk on Z'' started at and whose 
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transition probability is Pz = for z G 7?. and = otherwise. In other 

words, the random walk picks its steps uniformly at random from TZ. E denotes 
expectation under P. TZ generates the additive group Q — {X^zgtc^^-^ • ^ 

An environment w is a sample point from a probability space (J7, ©, P). f2 
comes equipped with a group {Tz : z € Q} of measurable commuting transfor- 
mations that satisfy T^+y = T^Ty and Tq is the identity. P is a {Tz : z G Q}- 
invariant probability measure on (i7, &). This is summarized by the statement 
that {n, G,F, {Tz : z G G}) is a measurable dynamical system. For most of 
the time we assume that P is ergodic under this group, which has its usual 
meaning: if A G 6 satisfies T~^A = A for all z G 7?. then ¥{A) = or 1. 
For some results we also use the stronger assumption of total ergodicity which 
says that P(^) = or 1 whenever T~^A — A for some extreme point z of the 
convex hull of TZ. E will denote expectation relative to P. 

A potential is a measurable function g : f2 x TZ^ ^ M. for some integer 
£ > 0. The case £ = means that g = 9{oj), a function of oj alone. 

Example 1.1 (I.I.D. environment.) A natural setting is the one where i? = 
is a product space with generic points uj = {oJx)xei,'^ cind translations 
(TxUj)y — uj'x+y, the coordinates ojx are i.i.d. under P, and g(uj,zi^i) a lo- 
cal function of uj, which means that g depends on only finitely many co- 
ordinates LOx- This is a totally ergodic case. In this setting g has the rp- 
separated i.i.d. property for some positive integer rg. By this we mean that if 
cci, . . . , Xm, G G satisfy jx^ — Xj| > r'o for i ^ j, then the -valued random 
vectors {(f/(Tj;.cj, zi^^))^ : 1 < * < rn} are i.i.d. under P. 

Example 1.2 (Strictly directed walk and local potential in i.i.d. environment.) 
A specialization of Example 1.1 where we obtain some of our best results is 
the case of a local potential g with strictly directed paths. Strict directedness 
means that is outside the convex hull of TZ. This is equivalent to the existence 
of u G Z"^ such that u • z > for all z E TZ. 

Example 1.3 (Stretched polymer.) A stretched polymer has an external field 
h G M.'^ that biases the walk, so the potential could have the form g{uj, z) = 
>F{u!) + h- z. 

Example 1.^ (Random walk in random environment.) To cover RWRE take 
£ ~ 1 and g(w, z) ~ logpz(a;) where (pz)zeK is a measurable mapping from 
n into T' ~ {{pz)zen "= [0,1]''^ : J2zP^ ~ ^l' space of probability dis- 
tributions on TZ. The quenched path measure Qq of RWRE started at is 
defined by the initial condition Qq{Xo = 0) = 1 and the transition probability 

Q'^{Xn+i = y\Xn = x) = Py^x{TxUj). 

Return to the general setting. Given an environment w and an integer n > 1 
define the quenched polymer measure 

Qr(^) = ^i?[e5:^;of(^-."'^'=+i.'=+^)l^(c.,Xo,oo)], (1.1) 
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where A is an event on environments and paths and 

is the normahzing constant called the quenched partition function. This model 
we call random walk in a random potential (RWRP). Above Zk = Xk — Xk-i is 
a random walk step and Zij = [Zi, . . . , Zj) a vector of steps. Similar notation 
will be used for all finite and infinite vectors and path segments, including 
Xk,oo = {Xk,Xk+i,. . . ) and zu (zi, . . . , z^) used above. 

In general the measures Q^'" defined in (1.1) arc not consistent as n varies. 
But for RWRE the (Xq, . . . , X„)-marginal of Q^'" is the marginal of the 
quenched path measure Qq . 

Under some assumptions article [26] proved the P-almost sure existence of 
the limit 

Ai{g) = lim n-Mogi;[e^^=o3<^-^'="'^'=+i-'=+*)]. (1.2) 

n— >cxD 

In different contexts this is called the limiting logarithmic moment generating 
function, the pressure, and the free energy. One of the main results of [26] was 
the variational characterization 

Ae{g)^ sup {E^[minig,c)]-H,i^l)}. (1.3) 
AieAii(n«),c>o 

Aii{fli) is the space of probability measures on S},( ~ f2 x TZ^ and Hg{^) is a 
certain entropy, given in (4.6) below. 

The present paper extends the entropy characterization to the quenched 
point-to-point free energy 

Ai{g,C) = lim ?i-Mog£;[e^^=o »(^^'="'^'=+i'''+^)l{X„ = a:„(C)}] (1.4) 

where C G M** and Xn{C) is a lattice point that approximates nC,. Along the 
way we establish regularity properties of the function Ai(g, C) and give another 
independent proof of the limit (1.2). We also relate Ai{g) and Ai{g,() with 
each other in a couple different ways, and prove a closely related large deviation 
principle for the distributions (5^'"{X„/n G • } of the walk under the polymer 
measures Q^^'". For RWRE the expectation on the right-hand side of (1.4) 
is the transition probability Qgi^n = 2;„(C)}, so the limit is immediately 
connected to large deviations. 

These results are valid for a class of unbounded potentials. When shifts 
of the potential are strongly mixing, it suffices to assume g & for p large 
enough. In particular, for an i.i.d. environment and stricly directed walks, the 
assumption is that g is local in its dependence on w and g{-,zij) G LP(P) 
for some p > d. This, one of our main results, is reached in Theorem 4.8 in 
Section 4. 

Literature and past results. Standard general references for RWRE 
are [1], [32] and [35], and for RWRP [3], [15] and [31]. Results related to 
ours on the point-to-point Lyapunov exponents and the quenched level 1 LDP 
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for nearest-neighbor polymers in i.i.d. random potentials have been proved by 
Carmona and Hu [2], Mourrat [21] and Zerner [36]. Some of the ideas originate 
in Sznitman [30] and Varadhan [33]. The Lyapunov exponents are defined by 
the limit 



lim n \ogE 



where t{x) = inf{fc > : Xk = x}. 

Mourrat [21] proved a level 1 LDP for nearest-neighbor walks in an i.i.d. 
potential 5(1^0) £ that permits g = —00 as long as gittJx) > —00 percolates. 
In this particular case his LDP is more general than ours because we require 
a moment assumption on g. Our treatment resolves some regularity issues of 
the level 1 rate function raised by Carmona and Hu [2, Remark 1.3]. 

The directed i.i.d. case of Example 1.2 in dimension d — 2, with a potential 
g{uJo) subject to some moment assumptions, is expected to be a member of 
the KPZ universality class (Kardar-Parisi-Zhang). The universality conjecture 
is that the centered and normalized point-to-point free energy should con- 
verge to the Airy2 process. At present such universality remains unattained. 
Among the lattice models studied in this paper one is currently known to be 
exactly solvable, namely the log-gamma polymer introduced in [28] and fur- 
ther studied in [7,14]. For that model the KPZ conjecture has been partially 
proved, namely the correct fluctuation exponents have been verified in some 
cases in [28]. Piza [22] proved in some generality that the fluctuations of the 
point-to-point free energy diverge at least logarithmically. KPZ universality 
results are further along for zero temperature polymers (oriented percolation 
or last-passage percolation type models). We refer the reader to [6] for a recent 
survey of these developments. 

Organization of the paper. The existence and regularity of the quenched 
point-to-point free energy (1.4) and free energy (1.2) are covered in Section 
2. The proof of the continuity of Ai{g,() in C for the i.i.d. strictly directed 
case occupies Section 3. In this case we also establish continuity {p > d) of 
^iiSi C) in 5. Section 4 begins by observing the level 1 large deviation principle 
and the continuity of the rate function on its domain, and then develops the 
variational representation for the point-to-point free energy. The source for 
these formulas is a contraction of a higher level large deviation principle from 
[26]. 

Sections 5 and 6 discuss two examples. In Section 5 we apply the theory 
to a directed polymer in an i.i.d. environment in the region (a subcase of 
weak disorder, in dimension d > 3). We derive a convex-duality formula for 
the point-to-point free energy and identify the Markov processes that solve 
the variational formula. Section 6 discusses the 1-1-1 dimensional log- gamma 
polymer, an exactly solvable model in the strong disorder regime. We take a 
known formula for the point-to-point free energy [14,28] and relate it to one 
of the variational formulas given in Section 4 of the present paper. 

Notation and conventions. On a product space i? with generic 

points cj = (wx)x6Z<*i 8- local function g{uj) is a function of only finitely many 
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coordinates . E and P refer to the background measure on the environments 
UJ. For the set 7^ C Z'' of admissible steps we define M = max{|2:| : z 6 TZ}, 
and denote its convex hull in M'' by ^ = {J2zen : < G R, J^z — 
The steps of an admissible path (xk) are Zk = Xk — Xk~i G 7?-. 

In general, the convex hull of a set I is coX. A convex set C has its rela- 
tive interior ri C, its set of extreme points exC, and its afHne hull afFC. The 
upper semicontinuous regularization of a function / is denoted by f^^'^{x) = 
infopcnssx supyg^ /(y) with an analogous definition for f^^'^. E^'lf] ^ J f 
denotes expectation under the measure fi. As usual, N = {1,2,3,...} and 
Z-i- = {0, 1,2,...}. xW y = max(a;, y) and x A y = min(x, y). 

2 Existence and regularity of the quenched point-to-point free 
energy 

Standing assumptions for this section are that (i7, 6,P, {Tz : z £ Q}) is a 
measurable dynamical system and TZ is finite. This will not be repeated in the 
statements of the theorems. When ergodicity is assumed it is mentioned. For 
the rest of this section we fix the integer £ > 0. Define the space Vli = fl xTZ^ . 
If £ = then il^ = fi. Convex analysis will be important throughout the 
paper. The convex hull of TZ is denoted by U, the set of extreme points of U 
is exU C TZ, and ri U is the relative interior of U. 
The following is our key assumption. 

Definition 2.1 Let £ S Z+. A function 17 : fJ^ — !> M is in class C if for each 
zi^a G TZ^ these properties hold: g{- , zij) £ L^(P) and for any nonzero z gTZ 

lim lim max — 'S^ \g{Tx+kz^iSi e)\ — for P-a.e. oj. 

E\On~>oo xeg:\x\<n n ^-^ 

' 0<fe<£n 

Membership .g G £ depends on a combination of mixing properties of P and 
moment properties of If P is an arbitrary ergodic measure then in general 
we must assume g bounded to guarantee g G -C, except that if d = 1 then 
g G L^(P) is enough. Strong mixing of the process {5 o T^, : x G t/} and 
g G iP(P) for some large enough -p also guarantee g G £. For example, with 
exponential mixing p > d is enough. This is the case in particular if g has 
the ro-separated i.i.d. property mentioned in Example 1.1. Lemma A. 4 of [26] 
gives a precise statement. 

We now define the lattice points irt(C) that appear in the point-to-point 
free energy (1.4). For each point C G W fix weights fiz{C) S [0,1] such that 
Ezetc/^^CC) = 1 and C = E2eTC/5z(C)^- Then define a path 

^n(C) = E(L^^-(OJ+&i"HC))^, '^ez+, (2.1) 

where 6i"''(C) £ {0, 1} are arbitrary but subject to these constraints; if /32(C) = 
then 6i"^(C) ^ 0, and ^^^^"^(C) = n - Y.z<^tM<^^^0\- 1° other words. 
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Xn{C) is a lattice point that approximates nC, is precisely n 7?.-steps away 
from the origin, and uses only those steps that appear in the particular convex 
representation ^ — J2z 1^^^ ^'^^^ picked. When ( €U D Q'^ we require that 
f3z{C) be rational. This is possible by Lemma A.l of [26]. If we only cared about 
Aii^g, C) for rational C we could allow much more general paths, see Theorem 
2.7 below. 

The next theorem establishes the existence of the quenched point-to-point 
free energy (a) and free energy (b). Introduce the empirical measure i?^ by 

n-l 

Riig) = 9(Tx,^^ Zu+i,k+i). (2.2) 

Theorem 2.2 Let g e C. 

(a) For P-a.e. uj and simultaneously for all C, the limit 

A,{gX;oo) = hm n-ilogi?[e"<(»)l{X„=x„(C)}] (2.3) 

n— >oo 

exists in (— cxd, qo\. For a particular Q the limit is independent of the choice of 
convex representation ^ = '^^PzZ and the numbers hii^'^ that define Xn(C) in 
(2.1). When C, it is natural to set Ai{g, C) = —oo. 

(b) The limit 

Ae{g;uj):== lim n"Mog£;[e^^=o (2.4) 

n—^oc 

exists P-a.s. in (— oo, oo] and satisfies 

Ae{g)= sup Ae{g,C) = sup Ae{gX)- (2.5) 

Formula (4.3) in Section 4 shows how to recover A£{g,(^) from knowing 
Ai{h) for a broad enough class of functions h. 

Remark 2.3 (Conditions for finiteness.) In general, we need to assume that g 
is bounded from above to prevent the possibility that /If (5, C) takes the value 
-|-oo. When g has the rg-separated i.i.d. property and ^ Z// as in Example 1.2, 
the assumption E[|(;|^] < 00 for some p> d guarantees that Ai{g, and Ae{g) 
are a.s. finite (Lemma 3.1). In fact Ai{g,-) is either bounded or identically 
-|-oo on ri U (Theorem 2.5(d)). 

Let us recall facts about convex sets. A face of a convex set U is a convex 
subset Uq such that every (closed) line segment in U with a relative interior 
point in Uq has both endpoints in Uq. U itself is a face. By Corollary 18.1.3 
of [27] any other face of U is entirely contained in the relative boundary of U. 
Extreme points of U are the zero-dimensional faces. By Theorem 18.2 of [27] 
each point C, €U has a unique face Uq such that C 6 ri Wq. (An extreme case of 
this is C G exU in which case {C} = Uq =i\ Uq. Note that the relative interior 
of a nonempty convex set is never empty.) By Theorem 18.1 of [27] ii ( G U 
belongs to a face Uq then any representation of C as a convex combination of 
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elements of U involves only elements of Uq. Lastly, Theorem 18.3 in [27] says 
that a face Uq is the convex hull of T^o = 7?. fl Wq- 

We address basic properties of ylf (g, C; w). The first issue is whether it is 
random (genuinely a function of w) or deterministic (there is a value Ai{g, Q 
such that Ai{g, C,\ ui) = Ag{g, C,) for P-almost every cj). This will depend on the 
setting. If G exW then the condition Xn = does not permit the walk to 
move and Az{g, 0; w) = — log \R\ + g[uj, (0, . . . , 0)). But even if the origin does 
not cause problems, Ai{g^ (; ui) is not necessarily deterministic on all of W if P 
is not totally crgodic. For example, if ^ z G exU then X„ = nz is possible 
only by repetition of step z and Ae(g^ z\uj) = — log \TZ\ +E[g(aj, (z, . . . , z)) \ ^^J, 
where 3^ is the cr-algcbra invariant under T^. 

Theorem 2.4 LetlAo be any face oflA, possibly lA itself. IfP is ergodic under 
{Tz : z G 7?.nZ//o}, then Ai(g, C,) in Theorem 2.2 is deterministic simultaneously 
for all C G ri Uq . 

Note that the ergodicity assumption rules out the case = {0}, which 
would be a face if G exW. An important special case is the totally ergodic 
P. Then Ae{g, is deterministic for all (, except again at C = if G exU. 

Next regularity results for Ag{g, (). 

Theorem 2.5 Let g £ C and assume P is ergodic. 

(a) A(,{g,C,) is convex in g. 

(b) As a function of C,, Ai{g,Q) is concave oniilA. If¥ is totally ergodic, 
then Ai{g,(^) is concave on all ofU. 

(c) Ai^{g, C) is lower semicontinuous in ( G U and hence uniformly bounded 
below. 

(d) Ai(g) is deterministic. 

(e) Ai{g, C) is either bounded on U, or identically +oo on ri lA. It is bounded 
if, and only if, A({g) < oo. 

(f) When Ai{g) < oo, Ai{g,-) is continuous on iilA and its upper semi- 
continuous regularization is the same as its unique extension to a continuous 
function on U. 

Precisely speaking, the proof of part (b) of the theorem gives the following 
statement. If is any face oiU such that P is ergodic under {T^ : z G UofMZ}, 
then P-a.s. 

At{g, iC + (1 - t)ri) > tAe{g, C) + (1 - t)Af{g, tj) 

for aU C G ri Wo, ?7 e W and t G [0, 1]. 

As observed above, if G exU, then Ai{g,0) can be random. This does 
not harm the concavity in part (b) in the totally ergodic case, but of course it 
prevents continuity in ^ up to the relative boundary of U. The situation with 
continuity in ^ G W is addressed in the next theorem in the i.i.d. case. 

Theorem 2.6 Let P be an i.i.d. product measure as described in Example 1.1 
and p > d. Let 5 : Jlf ^ R 6e a function such that for each zi^i G 'R} , g{-, zi^i) 
is a local function of u and a member o/LP(P). 
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(a) If ^U, then is continuous on U. 

(b) If Gri lA and g is bounded above, then Ai{g,C.) is continuous on U. 

(c) If is on the relative boundary of lA and if g is bounded above, then 
Ai{g,(^) is continuous on liU, at nonzero extreme points oflA, and at any 
point C such that the face Uq satisfying C. G I'i Uq does not contain {0}. 

In (b) and (c) g needs to be bounded above since otherwise Ai{g) = oo 
and Ai{g, () = oo for all ( GiiU. 

In eertain situations our proof teehnique can be pushed further to deal with 
continuity up to faces including 0. For example, when TZ = {(1, 0), (0, 1), (0, 0)} 
it is possible to show that Ai{g, () is continuous in C £ W \ {0}. 

We turn to the proofs of the theorems in this section. Recall M = max{ \z\ : 
z e n}. Let 

I?„ = {zi + --- + z„:2i,„G7e"} (2.6) 

denote the set of endpoints of admissible paths of length n. To prove Theorem 
2.2 we first treat rational points £, ^ U. In this case we can be more liberal 
with the function g and with the paths. 

Theorem 2.7 Letg[-,zi^i) e L^{P) for each zi^i e TZ'^ . ThenforP -a.e. uj and 
simultaneously for all ^ € WHQ'* the following holds: for any path {t/,i(0}nez+ 
such that yn{i) ~ yn-i(C) S ^ ^f^f^ for some /c g N, ymk{C) = "ifc^ for all 
m G Z-|_, the limit 

Ae{g,^;uj) = lim n-HogE[e"<^aH{X^ = y^i^}] (2.7) 

n— >oo 

exists in (—00,00]. For a given ^ ^ U (1 Q'' the limit is independent of the 
choice of the path {yniO} subject to the condition above. 

Proof of Theorem 2.7. Fix ^ eQ'^nU, the path y„(0, and k so that ymkiO = 
mk^ for all m G Z+. By the Markov property 

log£;[e(™+")'^^('"+")'=(^\X(,„+„)fe = im + n)kC]^2Ae{co) 

> logi;[e™'^-^"-(3),X,„fe = mfce] - 2A,{iu) (2.8) 
+ log£;[e""<'=(s°^'-«),X„fc = nk^] - 2A,(r,„fe5w), 

where acts by g o Tx{uj, zu) — g{TxUJ, zu) and the errors are covered by 
defining 

Aiiuj) = £ max max max |g(r_j.a;, 2:1 £)| G i"'"(P). 
veg:\y\<Mezi^een<'i<i<e 

Since g G ^^(P) the random variable - log£'[e"'=^"'=(9\ X„fe = nk£,] + 
2Ai{uj) is P-integrable for each n. By Kingman's subadditive ergodic theorem 
(for example in the form in [17, Theorem 2.6, page 277]) 

A,{g,C,uj)= lim ^logS[e™'=<-(^'\X,„fe =mfcC] (2.9) 
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exists in (—00,00] P- almost surely. This limit is independent of k because if ki 
and k2 both work and give distinct limits, then the limit along the subsequence 
of multiples of kik2 would not be defined. Let be the full probability event 
on which hmit (2.9) holds for all ^ G Q'' ("1 and fc e N such that k^ £ Z'^. 

Next wc extend limit (2.9) to the full sequence. Given n choose m so that 
mk < n < (to + l)k. By assumption we have admissible paths from mk£^ to 
UniS,) and from yn{£,) to (to+ l)k^, so we can create inequalities by restricting 
the expectations to follow these path segments. For convenience let us take 
k > £ so that -R(„_]^-)^.(5) does not depend on the walk beyond time mk. 
Then, for all w 

logi5[e"<(9),X„=2/„(0] 

> logi;[e("-i)'^^('"-i)-(3',X„fc = TOfcC, X„ = y„(e)] - A^kiTmkiLo) 

> logi;[e(™-i)^^("-i)'=(9\x„fc - TOfcC] - (n - TOfc)log |7^| - A^kiTrnk^Co) 

> log^;[e™'=^-'=(f),X™fc = mk^] - fclog \n\ - 2A2k{Tmkiio) (2.10) 

and similarly 

logi?[e("+i)'^-^('"+i)'=(«\X(™+i)fe = (to + l)fc^] 

> \ogE[e"<^<^\X,, = Vr^iO] - fclog|7^| - 2A2k{T^kiUj). 

Divide by n and take n — > 00 in the bounds developed above. Since in general 
m~^Ym —7- a.s. for identically distributed integrable {Fm}, the error terms 
vanish in the limit. The limit holds on the full probability subset of Hq where 
the errors A2k{Tmk£,'^) for all f and k. We also conclude that the limit 
is independent of the choice of the path yn{£,)- Theorem 2.7 is proved. □ 

The next lemma will help in the proof of Theorem 2.2 and the LDP in 
Theorem 4.1 

Lemma 2.8 Let g E C. Define the paths {yn{0} for ^, G Q'^HU as in Theorem 
2.7. Then for F-a.e. oj, we have the following bound for all compact K C M.'^ 
and S > 0: 

li^ n~4og£;[e"^"(3'l{X„/n G K}] (2.11) 

n^oo 

< sup n~HogE[e"<'^3)t{x^ = y„(^)}] (2.12) 

where Kg ^ {Q eW^ : 3C' £ K with |C - C'l < 5}. 

Proof Fix a nonzero z G TZ. Fix e G {0,6 /{AM)) and an integer k > \TZ\{1 + 
2e)/e. There are finitely many points in k~^Dk so we can fix a single integer 
b such that ymb{0 ~ rnbS^ for all to G and ^ G k~^Dk. 
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We construct a path from each x e Z?„ n nK to a multiple of a point 
^{n,x) 6 Kg n k~^Dk. Begin by writing x — '^z^-jiO'zZ with G Z+ and 
^^g^a^ = n. Let to„ = [(1 + 2e)n/fc] and si"^ = [fcaj((l + 2e)ri)] . Then 

This implies that 

l+2e - ^ ^ J- i+2e ^ 2A/ 

and 

Define a point £ A'a n k^^Dk by 

x) = k-' 4"^^ + (l - E ^- (2.13) 

(n) 

Since rrinSz > for each z ^ TZ, the sum above describes an admissible 
path of m„fc — n steps from x to nink^in^ x). For each x £ D„ and each n, the 
number of z steps in this path is at least 

m„(fc - s(")) > m„fce/(l + 2e) > ne. (2.14) 

Next, let in be an integer such that {£„ — 1)6 < m„ < ^„6. Repeat the 
steps of k^{n,x) in (2.13) — to„ < 6 times to go from TO„fc^(n,a;) to 
inkb^(n,x) = yi^kbi^(n,x)). Thus, the total number of steps to go from x 
to £„kb^{n,x) is r„ = i„kb — n. Recall that is a function of k alone. So 
r„ < Sen for n large enough, depending on fc, e. Denote this sequence of steps 
by u{n,x) = (mi, . . . , Ur„). 

We develop an estimate. Abbreviate ^(w) = max^^ ^eK'' l5('^j •2l,£)|■ 



- logSre"-^"(f)l{X„/7i e K}] 
n 

= -log Y E[e-<^^\Xn = x] 

xeD„nnK 

< max -logE\e''''-^^<-^'^B) x„ 



X 



max rnax —g[lx-y(jJ) H 



(2.15) 



< max 



ilogi;[e^"^<.''''(s),X£„fc, = ^„fc6^(n,x)] 
1 r 



i=l 



2f Clogn 
max max — g(ix-yt^) H . 
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As n — > oo the limsup of the term in the third-to-last hue of the above display 
is bounded above, for all w, by 

(l + 3e) sup li^ n-Mog£;[e"<(9)l{X„ = y„(e)}]. 

The proof of (2.11) is complete once we show that a.s. 
I 

lim lim max - S^ g{Tx+m+---+u,^^) = 

e^O n— i-oo a;eD„ n ^ — ' 

^=1 (2.16) 
and lim lim max max —q(Tx-yLo) — 0. 

e-^Qn^ooxeD„ y(zyjl^gD, n 

To this end, observe that the order in which the steps in u(n,a;) are ar- 
ranged was so far immaterial. From (2.14) the ratio of zero steps to z steps is 
at most r„/(ne) < 3. Start path u{n,x) by alternating z steps with blocks of 
at most 3 zero steps, until z steps and zero steps are exhausted. After that fix 
an ordering TZ \ {0, z} = {zi, Z2, ■ ■ ■} and arrange the rest of the path u(n, x) 
to take first all its zi steps, then all its Z2 steps, and so on. This leads to the 
bound 

y29{Tx+m+---+u,td) < 4:\TZ\ max max y^giTy+.^uj). (2.17) 

— ^ yex+u(n,x) zeTZ\{0} '—f^ 

The factor 4 is for repetitions of the same 5-value due to zero steps. By y £ 
X + u(n, x) we mean that y is on the path starting from x and taking steps 
in u(n,x). A similar bound develops for the second line of (2.16). Then the 
limits in (2.16) follow from membership in C. The lemma is proved. □ 

Proof of Theorem 2.2. Part (a). Having proved Theorem 2.7, the next step is 
to deduce the existence of Ai{g, C,) as the limit (2.3) for irrational velocities C, 
on the event of full P-probability where Ai{g,^) exists for all rational ^ g 

Let C, £ hi. It comes with a convex representation C = X^rgTJo PzZ with 
/Jz > for 2; G 7^0 C TZ, and its path a;.(C) is defined as in (2.1). Let 5 = 
5{C) =min2gTCo^^ >0- 

We approximate C, with rational points from coT^o- Let e > and choose 

C = LzGTJo'^^^ ■^i*'^ "-^ ^ [^/2,1] n Q, X^z"^ = 1> and - (3^] < £ for 
all z G TZf). Let fc G N be such that kaz G N for all z G TZq. Let m„ = 
[fc-i(l +4e/(5)nJ and si"^ = fcm„az - [n^^J - 6^"'. Then, 

4"V'^ ^ (1 +4e/(5)a2 -/3z > e > 0. (2.18) 

Thus si"^ > for large enough n. 

Now, starting at Xn{C) and taking each step z G TZq exactly si"^ times 
arrives at krun^. Denote this sequence of steps by with r„ = fcm„— n < 
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(4e/J)n. We wish to develop an estimate similar to those in (2.10) and (2.15), 
using again g{uj) = max^^^g,^* \g{uj, zi,e)\. Define 

Ken 

B{uj,n,e, k) ^ k\TZ\ ■ max max \ g{Tx+izOj) 

i—O 

+ max max 2£q(Tx-yUj). 

Then develop an upper bound: 

> log£;[e"<(s)l{X„ - i„(C)}] - J2 9iTiUC)+m+-+u,^) 

1=0 (2.19) 
- max 2eg{Ti^^Q^yLu)-{Ae/S)nlog\n\ 

> log£;[e"'^-(3)i{x„ = XniC)}] -B{uj,n,e,K) - {4e / S)n log \TZ\. 

To get the last inequality above first order the steps of the {ui} path as was 
done above to go from (2.16) to (2.17). In particular, the number of zero steps 
needs to be controlled. If S T^o, pick a step z E TZo \ {0}, and from (2.18) 
obtain that, for large enough n, 

2n((l+4£/J)ao-/3o) / 4 
4"' " ne/2 - \ S 

Thus we can exhaust the zero steps by alternating blocks of [4(1 + 4/(5)] zero 
steps with individual z steps. Consequently in the sum on the second line 
of (2.19) we have a bound c{S) on the number of repetitions of individual 
^-values. To realize the domination by B[uj,n,e, n) on the last line of (2.19), 
pick K > c((5) and large enough so that nen > r„ and so that {|a;| < nn} covers 

{^n(C) + "1 H \-Ui -.0 <i < r„}. 

The point of formulating the error B(uj, n, e, k) with the parameter k is to 
control all the errors in (2.19) on a single event of P-measure 1, simultaneously 
for all C £ U and countably many e \ 0, with a choice of rational ^ for each 
pair {C,e). From g £ C follows that P-a.s. 

lim lim n^^B{uj,n,e, k) = simultaneously for all k G N. 

A similar argument, with m„ — [fc^"'^(l — 4e/(5)nJ and si"'' = [n/Szl + 
b^J^\C) - kmnUz, gives 

log£;[e'='^"«'--.(^')l{Xfe,-„„ = km^^}] 

< logi;[e"<(9)l{X„ = XniC)}] +Cenlog\n\+B{u;,n,e,K) 



(2.20) 



Now in (2.19) and (2.20) divide by ji, let n — > oo and use the existence 
of the limit Ae{g,£^). Since £ > can be taken to zero, we have obtained 
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the following. Ai{gX) exists as the limit (2.3) for all C e W on an event of 
P-probability 1, and 

.1,(5,0= lini^^(5,0), (2.21) 

whenever is a sequence of rational convex combinations of TZq whose coef- 
ficients converge to the coefficients /S^ of C,. 

At this point the value Ae{g,C,) appears to depend on the choice of the 
convex representation ( — X^zeKo show that each choice gives the 

same value Ai(g,(^) as a particular fixed representation. Let U be the unique 
face containing ( in its relative interior and TZ ~ TZ HU. Then we can fix a 
convex representation C = '^zgH (^^^-^ with (3^ > for all z £ 72.. As above, 
let ^„ be rational points from co7?.o such that ^„ (. The fact that C can 
be expressed as a convex combination of TZq forces TZq C U, and consequently 

S By Lemma A.l, there are two rational convex representations ^„ = 
J2zeno "^""^ ~ SzGTjQ^z-^ with a" — J> (3^ and a" — >■ jlz- By Theorem 2.7 the 
value Ae{g,£^n) is independent of the convex representation of Hence the 
limit in (2.21) shows that representations in terms of TZq and in terms of TZ 
lead to the same value Ai{g, (). 

Part (b). With the limit (2.3) in hand, limit (2.4) and the variational 
formula (2.5) follow from Lemma 2.8 with K = U. Theorem 2.2 is proved. □ 

Next we prove the statements about the randomness of At. 

Proof of Theorem 2.4 Fix a face Uq and let TZq = TZHUo. If ^ is a rational point 
in ri Uq, we can write ^ ~ X^zgTCo '^^'^ with > rational for all z 6 TZq] 
this is a consequence of Lemma A.l of [26]. Let /c > 1 be an integer such 
that G Z for each z. Let z S TZq- There is a path of /c — 1 steps from 
(m — l)fc^ + z to mk£^. Proceed as was done in (2.10) to reach 



m. — ^ rvn 



> lim ^— log E 



Ai{g,0°Tz 



g((m-l)fe+l)i?|„_i)^ + i(g)^ 

X(,n-l)k+l = (to - l)fcC + Z 



Thus Ai(g,^) is T^-invariant for each z £ TZq so by ergodicity Ai{g,^) is 
deterministic. This holds for P-a.e. a; simultaneously for all rational ( vi Uq. 
Since Ai{g, ■) at irrational points of ri IAq can be obtained through (2.21) from 
its values at rational points, the claim follows for all ^ G ri iYg- O 

Now we prove the claims regarding the regularity of Ag. 



Proof of Theorem 2.5 Part (a). Convexity of Af in g follows from Holder's 
inequality. 
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Part (b). First we establish concavity for rational points in ri U via the 
Markov property. For i e Q n [0, 1] and G r^vill choose k so that 

/ct e Z+, ktl' e Z'^, and fc(l - 1)^" e U^. Then, as in (2.8), 



\ogE 



= mk{t^' + (1 - 



> log S e™'^"^™" , = mfcte' ^^^^^ 

+ logi?[e"'(i-*)<Mi-*)(9°7^™-e'),X„fc(i_,) = mfc(l ^ 
- 2Af (Tnifet^/o;). 

Divide by mfc and let m ^> cxd. On ri lA Ae{g, ■) is deterministic (Theorem 2.4), 
hence the second logarithmic moment generating function on the right of (2.22) 
converges to its limit at least in probability, hence a.s. along a subsequence. 
In the limit we get 

Ae{g, t(' + (1 - t)e) > tMg, O + (1 - t)M9. T )• (2.23) 

Now, let C = sC' + (l — s)C", s e (0, 1). C is written as a convex combination 
of a set TZq with positive coefficients. Similarly for C". Then C is written in 
terms of TZq = TZq U TZq, also with positive coefficients. Pick rational t s, 
^' with coefficients in TZq converging to those of C', and similarly for Then 
the coefficients of ^ = i^' + (1 — i)^" in TZq converge to those of C- Concavity 
of Ai^g, •) on rationals implies then concavity on U, via the limit in (2.21). 

In the totally ergodic case Theorem 2.4 implies that A({g, C) is deterministic 
on all of U, except possibly at ^ = if this is an extreme point of U. If is 
among then take ^' = in (2.22), so that, as the limit is taken to go 

from (2.22) to (2.23), we can take advantage of the deterministic limit Ai{g, f") 
for the shifted term on the right of (2.22). Thus, (2.23) holds for aU ^" e U. 
The subsequent limit to non-rational points proceeds as above. 

Part (c). Here we deal with the lower semicontinuity of Af^{g, C) in C G U. 
Fix C and pick 14 3 Q ^ ( that achieves the liminf of Ai{g, ■) at (. Since TZ is 
finite, one can find a further subsequence that always stays inside the convex 
hull Uq of some set TZq C 7?. of at most d + 1 affinely independent vectors. 
Then, C, IAq and we can write the convex combinations C = X^zsTCo P^z 
and Q = J^zeUa ^^''^ Furthermore, as before, /Jp^ — > as j oo. Let 
TZq ^ {z & TZq : > 0} and define S = min^^.^^^ /^^ > 0. 

Fixes (0, (5/2) and take j large enough so that l/?!"'''—/?^ I < e for all z G 7?.o . 
Let m„ = [(1 + 4e/S)n^ and 4"^ = L™nM'^J + &i"^(0) " L"/3.J " &i"^(C) for 
z G TZq. (If l3z — /Jp'' ~ 0, then simply set si"'^ — 0.) Then, for n large enough, 
si""* > for each z G TZq. Now, proceed as in the proof of (2.21), by finding 
a path from Xn{C) to im„(Cj)- After taking n — s- oo, j — s- oo, then e — 0, we 
arrive at 

hm A,{g,C)>A,{g,C). 
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Remark 2. 9 We can see here why upper semicontinuity (and hence continuity 
to the boundary) may in principle not hold: constructing a path from Q to C 
is not necessarily possible since may have non-zero components on TZq \ TZq. 

Part (d). Lower semicontinuity implies that the supremum of Ai{g, C,) over 
C eU is the same as that over ( GnU. (c) now follows from this and the fact 
that Ai{g^ Q is deterministic in ri lA. 

Part (e). If Ai{g) = oo then there exists a sequence Cn G ri W such that 
Ae{g, C„) — ^ oo. One can assume ^„ — > C G ^- Let C be any point in ri U. Pick 
t e (0, 1) small enough for (^^ ~ {(' — — t) to be in ri U for n large 

enough. Then, 



Since A£{g,-) is bounded below on U, taking n — > oo in the above display 
implies that Ai(g,(^') = oo. 

Part (f). As a finite, concave function Ai{g, •) is continuous on the convex 
open set ri U. By [27, Theorem 10.3], Ae{g, •) has a unique continuous extension 
from the relative interior to the whole oi U. To see that this agrees with the 
upper semicontinuous regularization, consider this general situation. 

Let / be a bounded lower semicontinuous function on U that is concave 
in riU. Let g be the continuous extension of /|riw and h the upper semi- 
continuous regularization of / on U. For x on the relative boundary find 
ri Z// 9 a;„ — > x. Then g{x) = limf/(a;„) = lim/(a;„) > f{x) and so f < g and 
consequently h < g. Also g{x) — \img{xn) = lim/(a;„) = lim/7,(a;„) < h{x) 
and so g < h. □ 

3 Proof of the continuity of the quenched point to point free energy 

The proof of Theorem 2.6 is somewhat lengthy so we separate it in its own 
section. This continuity argument was inspired by the treatment of the case 
TZ = {ei, . . . ,ed} in [20] and [13]. We begin with a lemma that gives 
continuity of the free energy in the potential g. 

Lemma 3.1 Let Uo be a face of U (the choice Uq = U is allowed), and let 
TZq = TZnUo so that Uq ~ coTZq. Assume Q ^Uq. Then an admissible n-step 
path from to a point in nUo cannot visit the same point twice. 

(a) Let h > be a measurable function on Q with the r^-separated i.i.d. 
property. Then there is a constant C = C'{rQ, d, M) such that, ¥-almost surely, 



lim max ti"^ V /i(T^,a;) < C / V{h>sy^'^ds. (3.1) 

n— J-oo XQn-i: Z — ^ J 



If h £ LP(P) for some p > d then the right-hand side of (3.1) is finite by 
Chebyshev's inequality. 



Aiig, C) > tAtig, C„) + (1 - t)Ae{g, O- 




■OO 
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(b) Let f^g'.fli^M. be measurable functions with the rQ-separated i.i.d. 
property. Then with the same constant C as in (3.1) 



lim sup 



< c 



n-ilog£;[e"<(/)l{X„ = x„(C)}] 

- n-Mogi?[e"<(s)l{X„ = £„(C)}] 



(3.2) 



^{uj: max \f{io, zu) ~ g{LO, zij)\ > s\ 



1/d 



ds. 



Assume additionally that f{-,zij), g{-,zi^i) G LP{¥) Vzi.£ G TZ^ for some 
p > d. Then f, g E C and for E IAq the limits Ai(f, (^) and Ai{g^ C) are finite 
and deterministic and satisfy 

sup \Ae{fX) - J^i{g-,C)\ < C'E max \f{uj,zi^i)-g{uj,zi^i)f . (3.3) 

CGWo 2=1, «GK* J 

Strengthen the assumptions further with ^ lA. Then A({f) and A£{g) are 
finite and deterministic and satisfy 



\Ai{f) - Ai{g)\ < CE max \f{uj,zi^i)~g{uj,zi^i)f 



(3.4) 



Proof If X £ nUo and x = '^^^^ Zi gives an admissible path to x, then n~^x = 
X]r=i gives a convex representation of n~^x G which then cannot 
use points z E TZ\ TZq- By the assumption ^Uq, points from TZq cannot sum 
to and consequently a loop in an 7?.o-path is impossible. 

Part (a). We can assume that rg > M = max{|z| : z E TZ}. We bound 
the quantity on the left of (3.1) with a greedy lattice animal [8,12,19] after a 
suitable coarse graining of the lattice. Let _B = {0,l,...,ro — Ij'^be the cube 
whose copies {roy + B : y E Z''} tile the lattice. Let An denote the set of 
connected subsets ^ of Z'' of size n that contain the origin (lattice animals) . 

Since the Xk^s are distinct, 

n — 1 n — 1 

^h{Ta:^Uj) = X! 51 ^'^{xk=roV+u}HTroy+uUj) 
k=0 uGB ygZ<i fc=0 

^ X! X! '^{^o.,^-ln(roy+B)^li}HTu+roy'^) 
- . yi/l(T'n+royW). 

'—L Ce-4„(d-i) ^— ' 

The last step works as follows. Define first a vector yo.n-i € (Z'^)" from the 
conditions Xi E r^yi + B, < i < n. Since tq is larger than the maximal step 
size M, — Uiloo — 1- Points j/i and yi+i may fail to be nearest neighbors, 
but by filling in at most d — 1 intermediate points we get a nearest-neighbor 
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sequence. This sequence can have repetitions and can have fewer than n{d~ 1) 
entries, but it is contained in some lattice animal ^ of n[d — 1) lattice points. 

We can assume that the right-hand side of (3.1) is finite. This and the fact 
that {h{Tu+rov'^) ■ V ^ ^''l ^^"^ ''^■i-d. allows us to apply limit (1.7) of Theorem 
1.1 in [19]: for a finite constant c and P-a.s. 

r-OO 

lim max n"^ V /i(r^, w) < |B| (d - l)c / f{h>sY''^ds. 

n— >-oo 2;o.Ti-i: ^ — ^ 
Xk-Xk-ieTlo k=0 

With the volume \B\ = this gives (3.1). 

Part (b). Write / — g+{f—g) in the exponent to get an estimate, uniformly 
in C e Uq: 

n-ilog£;[e"<(/)l{X„=i„(C)}] 

<n-ilog£;[e"<(»)l{X„ = x„(C)}] 

n-l 

+ ^ max , n^^y2\f{T^^i^,Zk+iM+e) 

■'^O ,n-\-£ — 1 ■ ' * 

Switch the roles of / and g to get a bound on the absolute difference. Apply 
part (a) to get (3.2). 

By Lemma A. 4 of [26] the assumption with p > d implies that /, g G C 
Finitencss of Ag{f,C,) comes from (3.2) with g = 0. Chebyshev's inequality 
bounds the right-hand side of (3.2) with the right-hand side of (3.3). 

To get (3.4) start with (3.5) without the indicators inside the expectations 
and with TZn replaced by TZ. □ 

Proof of Theorem 2.6 By Lemma A. 4 of [26] the assumption with p > d 
implies that g C By Lemma 3.1 in case (a), and by the upper bound 
assumption in the other cases, /l^(g) < oo. Thereby Ai{g, •) is bounded on U 
and continuous on ri U (Theorem 2.5). Since Ae{g, ■) is lower semicontinuous, 
it suffices to prove upper semicontinuity at the relative boundary of U. 

We begin by reducing the proof to the case of a bounded g. We can ap- 
proximate g in with a bounded function. In part (a) we can apply (3.3) to 
hlo = U. Then the uniformity in C of (3.3) implies that it suffices to prove up- 
per semicontinuity in the case of bounded g. In parts (b) and (c) g is bounded 
above to begin with. Assume that upper semicontinuity has been proved for 
the bounded truncation gc — g c. Then 

h^ yl,(5,C') < JhRAe{g,X') < M9cX)- 

In cases (b) and (c) the unique face Uq that contains ( in its relative interior 
does not contain 0, and we can apply (3.3) to show that Ai{gc,C) decreases 
to Ai{g, C) which proves upper semicontinuity for g. We can now assume g is 
bounded, and by subtracting a constant we can assume g < 0. 



(3.5) 



~ g{Txk^^ Zk+i,k+i)\ 
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We only prove upper semicontinuity away from the extreme points of U. 
The argument for the extreme points of lA is an easier version of the proof. 

Pick a point ^ on the boundary of U that is not an extreme point. Let Uq 
be the unique face of U such that C S ri Wq. Let TZq = TZCiUq- Then = co TZq 
and any convex representation C = J2zenl^^^ '-'^ ^ '^^^ only use z S 72-0 [27, 
Theorems 18.1 and 18.3]. 

The theorem follows if we show that for any fixed 5 > and ^ e Q"^ n U 
close enough to C and for fc G N such that S Z'*, 

lim P| gmfcflLfc(9) > e'"fe(^f(9.C)+logl^l)+6mfe<5l /g gN 



Here nmk,mk£, is the set of admissible paths xo,mk+i such that xq = and 
Xmk = mk£_. It is enough to approach C from outside Uq because continuity on 
ri IA{) is guaranteed by concavity, itself a consequence of the total ergodicity 
(Theorem 2.5(f)) of the i.i.d. P. Fix 5 > 0. 

Since ^ we can find a vector u e Z'^ such that z ■ u > for z £ TZq. 



U 





Vl 























Fig. 3.1 Path segments in shaded regions are bad, the other segments are good. Vi = Xs^ 
and v'^ = X^/ . Steps going up and to the right represent steps in 'R.q. 

Given a path xo,mk+i let sq = and, if it exists, let Sg > be its first 
regeneration time: this is the first time i £ [0, mk] such that Xj ■ u < Xi ■ u for 
j < i, Zi+i^i+e S TZq, and xj ■ u > Xi+g ■ ii for j £ {i + £ + 1, . . . , mk + i}. If 
s'q does not exist then we set s'q = mk + £ and stop at that. Otherwise, if s'q 
exists, then let 

Si = min{j G(sg, rnfc + £) : Zj+i ^ TZq 

or 3i G (j + 1, mk + £] such that xi ■ u < Xjj^i ■ u\. 

If such a time does not exist, then we set si = s'l ~ mk+£ and stop. Otherwise, 
define si < s[ < S2 < S2 < ■ ■ ■ inductively. Path segments Xs'.,si^i are good 
and segments Xs^.s'. are bad (the paths in the gray blocks in Figure 3.1). Good 
segments have length at least £ and consist of only TJ-o-steps, and distinct good 
segments lie in disjoint slabs (a slab is a portion of Z'' between two hyperplanes 
perpendicular to u). 

Time mk + £ may belong to an incomplete bad segment and then in the 
above procedure the last time defined was sn < mk + £ for some > and 
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we set s'j^ = mk + or to a good segment in which case the last time defined 
was s'j^_i < mk for some A'^ > 1 and we set sn = s'n = mk + £. There are N 
good segments and + 1 bad segments, when we admit possibly degenerate 
first and last bad segments Xso.s'^ and x^^^s'^^ (a degenerate segment has no 
steps). Except possibly for Xso,s'„ and Xgj^.s'^^, each bad segment has at least 
one {TZ \ 7^o)-step. 

Lemma 3.2 Given e > 0, we can choose Sq G (0,e) such that if |C ~ CI < ^Oj 
then the total number of steps in the bad segments in any path in Ilmk.mk^ is 
at most Cemk for a constant C . In particular, N < Cemk. 

Proof Given e > we can find Eq > such that if — CI < £oi then any 
convex representation ^ = X^zgtj.'^^'^ of ^ satisfies J2z^Tio '^^ — ^" (Otherwise 
we can let ^ — > C and in the limit C would possess a convex representation 
with positive weight on 7?. \ TZq-) Consequently, if xo^mk+e G n-mk.mks, and 
^ — CI < ^0 the number of {TZ \ 7?.o)-steps in x^^mk+i is bounded by emk + £. 

Hence it is enough to show that in each bad segment, the number of TZq- 
steps is at most a constant multiple of {TZ \ 7?.o)-steps. So consider a bad 
segment Xs^^s'.- If s[ = mk -\- 1 it can happen that Xs'. ■ u < maxs.<j<s' Xj ■ u. 
In this case we add more steps from 72-0 and increase so that 

Xs', ■ u = max Xj ■ u. (3-7) 

This only makes things worse by increasing the number of 7?,o-steps. We pro- 
ceed now by assuming (3.7). 




Fig. 3.2 Illustration of the stopping times a;, /3i, and 7;. Note how the immediate back- 
tracking at 71 makes Q2 = 7i and /32 = 02 -I- 1. 



Start with 70 = Si. Let 

ai ~ s[ A inf{ri > ^0 '■ > n such that Xj • w < x„ • u}. 
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Wc first control the number of T^o-steps in tiie segment z^o+i^aj. The segment 
^7o+i,ai-i cannot contain more than £ — 1 T^g-steps in a row because any £- 
string of 7?,o-steps would have begun the next good segment. Thus, the number 
of 7?.o-steps in z^g+i^ai is bounded by (^—1) x (the number of (7^\7?.o)-steps) 
+ i. Suppose ai = s^, in other words, we already exhausted the entire bad 
segment. Since a bad segment contains at least one (7^\7?.o)-step we are done: 
the number of T^o-steps is bounded by 2i times the number of {TZ \ 7^o)-steps. 
So let us suppose ai < s[ and continue with the segment Xa^.s' - 
Let 

Pi — infjri > ai : Xn ■ ii < • w} < 
be the time of the first backtrack after ai and 

7i = inf{n > /3i : a;„ • u > max Xj ■ ii} 

"i<i</3i 

the time when the path gets at or above the previous maximum. Due to (3.7), 
71 < _ 

We claim that in the segment Xa-^^-y-^ the number of positive steps (in the 
u-dircction) is at most a constant times the number of nonpositive steps. Since 
7?,o-steps are positive steps while all nonpositive steps are (7?.\7^o)-stcps, this 
claim gives the dominance (number of T^o-stcps) < C x (number of (TZ\TZq)- 
steps). 

To see the claim, observe that at time /3i the segment a;ai,7i visits a point 
at or below its starting level but ends up at a new maximum level at time 
7i . Ignore the part of the last step z^^ that takes the path above the previous 
maximum maxc[i<j</3i Xj ■ u. Then each negative unit increment in the u- 
direction is matched by at most two positive unit increments. Up to constant 
multiples, counting unit increments is the same as counting steps. (See Figure 
3.2.) 

Since the segment Xa^^-y^ must have at least one (TZ \ 7?,o)-step, we have 
shown that the number of 7^o-steps in the segment x^^^^^ is bounded above by 
2(C V £) X (number of [TZ \ 7^o)-stcps). Now repeat the previous argument, 
beginning at 71. Eventually the bad segment Xs^^s'- is exhausted. □ 

Let V denote the collection of times Q = sq < s'q < si < s'^ < S2 < s'.2 < 
... < sjsi-i < s^_i < sn < s'pf = mk + I, positions Vi = Xg^, v[ — x^' , and 

the steps in bad path segments u^'^^, = z^.^i g'.. so = -^o ™cans m'-^' is empty. 

We use the following simple fact below. There exists a function h{e) \ 
such that, for all e > and n > no{e), [^^) < e"''^^^\ (Stirling's formula shows 
that noie) ~ s^^ works.) 

Lemma 3.3 With e > fixed in Lemma 3.2, and with m large enough, the 
number of vectors v is at most C {mkY'^ e'^'^^^^\ where the function h satisfies 
h{s) as £ ^ 0. 

Proof Recall N < Cemk for a constant C coming from Lemma 3.2. Wc take 
e > small enough so that Ce < 1/2. A vector v is determined by the following 
choices. 
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(i) The times {si, s'j}o<i<iv can be chosen in at most 

N=l ^ ^ ^ ^ 

(ii) The steps in the bad segments, in a total of at most |7^|'^^™'^ < ^mkh{e) 
ways. 

(iii) The path increments {wi — w^_x}i<*<w across the good segments. Their 
number is also bounded by C [mky^ e"^'''^'^^\ 

The argument for (iii) is as follows. For each finite 7?.o-increment y £ 
{zi + ■ ■ ■ + Zfc : k G N, g T^oli fix a particular representation 

y = X^zeTCo (^ziy)z, identified by the vector a{y) ~ {az{y)) £ 1]^° . The num- 
ber of possible endpoints t] = 'Y^^ik^i ~ ^i-i) is at most C{emkY because 
|mfc^ — 'mkC\ < mke and the total number of steps in all bad segments is at 
most Cemk. Each possible endpoint 77 has at most C(mfc)l^''l representations 
T] ~ J^zeTZo ^^-^ '^i^^^ (^^) because projecting to u shows that each bz is 

bounded by Cmk. Thus there are at most C{mkY^ vectors {hz) € that 
can represent possible endpoints of the sequence of increments. Each such vec- 
tor b — (bz) can be decomposed into a sum of increments b = ^iLi ^^^^ in 
most 



TT lbz + N\ fCmk + Cemk\^'^°^ 

11 N M r!.^k 



h6^ 



7nkh{e) 



ways. (Note that {^^ ) is increasing in both a and b.) So all in all there are 

C {mky^ e^^^^^'^ possible sequences {a(*^}i<i<jv of increments in the space 1^° 
that satisfy 

AT 

— V for a possible endpoint 77. 

Map {vi - w,-_i}i<i<jv to {a{vi - w-_i)}i<i<jv- This mapping is 1-1. The 
image is one of the previously counted sequences {a('-'}i<i<7v because 

N N N 

We conclude that there are at most C(mfc)'^ie'"'^''(^^ sequences {w^— w,'_x}i<i<A^ 
of increments across the good segments. Point (iii) has been verified. 

Multiplying counts (i)-(iii) proves the lemma. □ 

Let n^^f. ^j,^ denote the paths in Umk.mks, that are compatible with v, 
that is, paths that go through space-time points [xs^ , Si), (x^' , s[) and take the 
specified steps in the bad segments. The remaining unspecified good segments 
connect (x^' to (a;^. ,Si) with T^Q-steps, for 1 < i < A^. 
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Fix e > small enough so that for large to, C [mkY^ e"^^^^^'> < e"^^^ . Then 
our goal (3.6) follows if we show 



lim 

m— >oo 




Fig. 3.3 Illustration of the construction. The shaded bad slabs of environments are deleted. 
The white good slabs are joined together and shifted so that the good path segments connect. 
So for example points v\ and v'-^ on the left are identified as v'-[ on the right. 



Given a vector v and an environment uj define a new environment uj^ 
by deleting the bad slabs and shifting the good slabs so that the good path 
increments {vi — 'u^_]^}i<i<Ar become connected. First for x ■ u < and x ■ u> 

"Ylfj^a ^"^j+i ^ "^'j) ' ^ sample fresh (this part of space is irrelevant). For a 
point X in between pick z > such that 

i i+l 
Y^{Vj - Wj_i) ■u<x-u< Y^{vj - l)^-_i) • u 

and put y = J2]=ii'"3 - '^'j-i)- Then set uj'^ = uj^'^+^^y. 

For a fixed v, each path xo,mfc+« G ^m/c mfef mapped in a 1-1 fashion to 
a new path x^ as follows. Set 

JV 

^(v) = E(^^-4-i)-^- 

Given time point t G {0, . . . , t(v) + ^ — 1} pick i > such that 

i i+l 

Y.{sj - s;_i) < t < - s;_i). 

Then with s = Yl^j=oi^'j ~ ^j) ^^'^ ^ = J2]=oWj ~ "^j) ^1 — ^t+s ~ u. This 
mapping of a; and xo,mfc+£ moves the good slabs of environments together with 
the good path segments so that = oJxt^,- (See Figure 3.3.) The sum of the 
good increments that appeared in Lemma 3.3 is now 

JV-l JV-l N 

J=0 j=0 j=l 
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Define ?7(v) G Uq by 

<(v) = T{w)r]{v). 

Observe that |t(v) — mk\ and I^e^j-^-) — mk^\ are (essentially) bounded by 
the total length of the bad segments and hence by Cemk. Moreover, due to 
total ergodicity Ai(g, ■) is concave on Uq and hence continuous in its interior. 
Thus, we can choose e > small enough so that 

mkAi{g, () + mkS > T{v)Ai{g, 7?(v)). 

(3.8) would then follow if we show 

lim yp( V e™''^-''^^) > e^('')('^^(»'''(''))+^°sl^l)+^™'"'| = 0. 

This, in turn, follows from showing 

lim Vp| y e^(^)^'(v)(9)('^".<-(v)+f) 

a^o.^fcSir-, (3.9) 

> gT(v)(yl,(g,,,(v))+log|7e|)+2mfcA- | Q. 

To justify the step to (3.9), first delete all terms from 

mk—l 
i=0 

that depend on uj or (zi) outside of good slabs. Since g <0 this goes in the right 
direction. The remaining terms can be written in the form J2i g[Tx^io^ , z^j^^ j_|_^) 
for a certain subset of indices ? G {0, . . . , t(v) — 1}. Then add in the terms for 
the remaining indices to capture the entire sum 

r(v)-l 
i=Q 

The terms added correspond to terms that originally straddled good and bad 
segments. Hence since g is IocclI in its dependence on both, oj and z\^oo 

there 

are at most Cemk such terms. Since g is bounded, choosing e small enough 
allows us to absorb all such terms into one mkd error. 

Observing that has the same distribution as to, adding more paths in 
the sum inside the probability, and recalling that |r(v) —mk\ < Cmke, we see 
that it is enough to prove 

lim Vp( V e^^^'^^-w^^'^ > e^('')('^^(»'''(''^^+'°sl'^l)+^M'5\ = 

m-i-oo ^-^ I ^—^ ~ J 

V 2;o,x(v)ei7^(„),T(v),,(v) 

By Lemma 3.3, concentration inequality Lemma B.l, and r(v) > mfc/2, 
the sum of probabilities above is bounded by C{mkY^e'"'^^^'^''~^^ '"''/^ < 
C {mkY^ e~'^^^~^'^^^^^^^ for another small positive constant ^i. Choosing e small 
enough shows convergence to exponentially fast in m. 

We have verified the original goal (3.6) and thereby completed the proof 
of Theorem 2.6. □ 
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4 Quenched large deviations and entropy representation of the free 
energy 

Standing assumptions for this section are TZ dT/^ is finite and (3, P, {T^ : 
z a Q}) isa. measurable ergodic dynamical system. We begin with those results 
that do not need further assumptions on P, first the quenched large deviation 
principle for the walk under the polymer measures. The theorem below assumes 
Ai{g) finite; recall Remark 2.3 for conditions that guarantee this. 

We employ the following notation for lower semicontinuous regularization 
of a function of several variables: 

i^'"'=(^)(a;,y) = lim inf F[z,y), 

r\fl z:\z—x\<r 

and analogously for upper semicontinuous regularization. 

Theorem 4.1 Let i > and let g : ^2 x 7?.^ — > K. Assume g E C and that 
A^lg) is finite. Then for P-a.e. uj, the distributions Q^^'^ {Xn/n G ■} on 
satisfy an LDP with rate function 

L<>{O^A,{g)-AT'^^\gX)- (4.1) 
This means that the following bounds hold: 

li^ logg9■"{X„/?^ G ^} < - inf F(C) for closed AdW^ 
and lim logQ3^"{X„/n G O} > - inf L^Q for open O CR'^. 

Rate function /f : R'' ^ [0, oo] is convex, and on lA also finite and continuous. 

Proof of Theorem 4.1 Let O C M'' be open, and ( eU DO. Then x„(C) G nO 
for large n. 

lim n-MogQf,'"{X„/n G 0} 

n—^oo 

> lim (n-i \ogE[e"<^^H{X„ = i„(C)}] - 7i-Mog^;[e"^"^»)] 
= A,{gX) ~ A,{g). 

A supremum over an open set does not feel the difference between a function 
and its upper semicontinuous regularization, and so we get the lower large 
deviation bound: 

hm \ogQ<ir{Xn/n G O} > - inUAeig) - AT%g, C)}- 

n— s-oo 

For a closed set K CM."^ and 5 > Lemma 2.8 implies 

IW log Ql'^{Xjn e K} < - lim inf {Aeig) ~ A,{g, Q] 

n->oo S\fiC&Ks 

<-lim inf {^,(5)-^r(ff,C)} 
= - m^{^(5)-^r(3,C)}. 
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The last hmit 6 \ fohows from the compactness of U. Properties of foUow 
from Theorem 2.5(b) and (f). □ 

Remark 4-2 Since the rate function is convex, it is the convex dual of the 
limiting logarithmic moment generating function 

a{t)= lim n-HogEQ?.-^{e'-''") = Aeig + t-zi)-Aeig) 

n— >oo 

on WK This gives the identity 

-ArigX) - sup{C-t-A,{g + t-z,)}. (4.3) 



As a corollary of Theorem 4.1, we state a level 1 LDP for RWRE (see 
Example 1.4). 

Corollary 4.3 Let d > 1. Consider RWRE on in an ergodic environment 
with a finite set TZ <Z If^ of admissible steps. Assume g{uj,z) = logpz(a;) is a 
member of C Then there exists a continuous, convex rate function I : lA ^ 
[0,cxd) such that, for P-a.e. uj, the distributions Q^{Xn/n G •} onlA satisfy 
an LDP with rate L. For C G ri U, I{Q is the limit of point probabilities: 

/(C) = - lim logQ^{X„ = x„(C)} a.s. (4.4) 

With either a compact f2 or an i.i.d. directed setting, the LDP of Theorem 
4.1 can be obtained by contraction from the higher level LDPs of [26]. This is 
the route to linking Ae{g, () with entropy. First we define the entropy. 

The joint evolution of the environment and the walk give a Markov chain 
{Tx„uj, Zn+i^n+i) on the state space fte = f2x TZ^. Elements of fti are denoted 
by r/ = (a;, zu). The transition kernel is 

Pi{r], Sfri) = for z G 7?. and 77 = (w, zij) G fti (4.5) 

where the transformations are defined by S'^{u!,zi^i) — {Tzj^uj, {z2.i, z)). 
An entropy that is naturally associated to this Markov chain and reflects 
the role of the background measure is defined as follows. Let fxo denote the 
i7-marginal of a probability measure fi G A^i(O^). Define 



inf{iJ(/i X q \ fi X pi) : q e Q{^e) with /ig = fi} if fiQ < 
00 otherwise. 

(4.6) 



The infimum is over Markov kernels q on Cli that fix ^. Inside the braces the 
familiar relative entropy is 

H{^,xq\^ixpe)= I V qiv, SU) log ^^?4&T l^idri). (4.7) 



/ ^9(77,5+77) log 
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Obviously q(r],S'^r]) is not the most general Markov kernel on rif . But the 
entropy cannot be finite unless the kernel is supported on shifts S^t], so we 
might as well restrict to this case. Hi : A4i(llf) [0,oo] is convex. (The 
argument for this can be found at the end of Section 4 in [25].) 

The quenched free energy has this variational characterization for g (z C 
(Theorem 2.3 in [26]): 

Mg)= sup {E^[lTnllig,c)]-Hli^l)}. (4.8) 

Our goal is to find such characterizations for the point-to-point free energy. 

Theorem 4.4 Fix £ > 1 and let g : fli ^ M.. Assume g G C and that A({g) is 
finite. Assume that Q is a compact metric space. Then for C S ri W 

^^5,0= sup {E^^[min{g,c)]-H,{ii)]. (4.9) 

MeA4i(r2«):£;"[Zi]=c 
oo 

For Q GU wilA, (4.9) is valid under the following assumption: P is ergodic 
under the smaller set of shifts [T^ : z € Ti-o}, where TZq — UqC\TZ and Uq is 
the unique face of U such that Q E viIAq. 

Proof With fl assumed compact, Theorem 3.1 of [26] gives a quenched LDP 
for the distributions £ • } of the empirical measure i?^ defined by 

(2.2), with rate function 

/ \ Isc(^) 

= ( inf {if,(M) - E^^lg Ac]}) + A^ig). (4.10) 

The contraction principle of large deviation theory [9, Theorem 4.2.1] then 
recovers the LDP in Theorem 4.1 and gives this representation for the rate 
function I^: 



fj.eMi{ni):Ei^[Zi]=c\c>o J 

/ \ Isc(C) 

= ( .o¥..r. , -E^\9^ c]} + A,{g)n 



,<eA4i(Of):S^'[Zi]=c / (411) 

oo 

sup {£;^[.gAc]-Ff(A*)}) + At{g). 

MeXi(r2f):B^'[Zi]=C ' 
oo 

In the second equality above, compact sublevel sets of the higher level rate 
function (simply a consequence of assuming fl compact) and the continuity of 
[L n> E^\Z]\ allow us to take the lower semicontinuous regularization outside 
the contraction. 

Comparing (4.1) with the above gives 



^usc(C) 



(.9,0 =( sup {ii;^[min(g,c)]-F,(/^)} ■ (4-12 



/xeXi(f2f):B^'[Zi]=C 
OO 
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For C G ri W the upper semicontinuous regularizations can be dropped. On 
the left we have continuity on ri U by the concavity from Theorem 2.5(b). On 
the right one can check by hand that sxvPl.yQ{E^^[g f\c\— Hi{^)} is concave in /x, 
and this concavity extends to the function of C, defined by the supremum over 
/X. The function inside the parentheses is bounded above by (4.11) because 
-^^(C) > 0- It is bounded below because we can take any probability measure 
a on 7?. with expectation ^, and then = P ® a®^ is an admissible argument 
in the supremum. Thus on the right too we have a finite concave function of 
Q and hence continuous on the relative interior. 

Next we extend the result to the relative boundary of lA^ with the additional 
assumption of ergodicity of P. 

Suppose first that Q is an extreme point of lA. Then C = G = {-2}, 

and the unique path to Xn{z) = nz uses only z-steps. (4.9) is proved by 
comparing the left and right sides. By ergodicity, A£{g, z) = Kgiu;, {z, . . . , z)) + 
log Pi. On the right = z forces to be supported on fix {{z, . . . , z)}. A 

kernel that fixes fj, can only use the shift T^, and /xq must be Tj-invariant. By 
ergodicity of P under T^, T^-invariance and no imply that fig = P. Thus 
on the right in (4.9) the only measure is /x = P (8> i5(z,...,z)j and the equality 
holds. 

In the remaining case Uq is the unique face such that C G tiUq. Then 
Uo ~ coTZq where TZq — UoClTZ, and any path to x„(C) will use only 7?.o-steps. 
This case reduces to the one already proved, because all the quantities in (4.9) 
are the same as those in a new model where TZ is replaced by TZq and then 
U is replaced by Uq. (Except for the extra terms coming from renormalizing 
the restricted jump kernel {pz}z£TZo-) For example, E^^[Zi] = forces ^ to be 
supported on J7 x TZq, and consequently any kernel q{ri,S^ii) that fixes ^ is 
supported on shifts by z G TZq. □ 

The assumption £ > 1 in Theorem 4.4 guarantees that the expectation 
E^^lZi] makes sense for /i G Since g can be composed with a projec- 

tion this assumption is not a restriction on g. 

Remark 4.5 We emphasize that the restriction to compact f2 in Theorem 4.4 
is entirely due to the fact that Theorem 3.1 of [26] gives only a weak quenched 
LDP (weak in the sense that the upper bound is valid only for compact sets). 
Thus to obtain the rate function of (4.1) as a contraction we assume J7 
compact. This is unsatisfactory because for the simplest directed polymer with 
unbounded potential we would like to use a non-compact f2 such as . 
Fortunately in the most important case, namely i.i.d. directed, the LDP of 
[26] is a full LDP, and we can drop the compactness assumption. We turn to 
this case. 

Let Q = r^'' be a product space with shifts {T^} and P an i.i.d. product 
measure as in Example 1.1. Assume ^ U. Then the free energies ylf(g) 
and Ai{gX) are deterministic (that is, the P-a.s. limits are independent of 
the environment lo) and Ai{g, C) is a continuous, concave function of C G 
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Assume also that is a separable metric space, and that & is the product of 
Borel (T-algebras, thereby also the Borel cr-algebra of H. 

To utilize convex analysis we put the space Ai of finite Borel measures 
on Cli in duality with Cb{^e), the space of bounded continuous functions on 
rj^, via integration: (/, /x) = J f dfi. Give A4 the weak topology generated by 
Cb{^i). Mctrize Cb{^i) with the supremum norm. The limit definition (2.3) 
shows that Ai{g) and Ai(g, C) arc Lipschitz in g, uniformly in C. Hi is extended 
to A4 by setting Hi{fj,) = oo for measures fi that are not probability measures. 

For g e Cbi^le) (4.8) says that A^^g) = Hg{g), the convex conjugate of Hi. 
The double convex conjugate 

nrifi) ^ A*i{fi) ^ sup {E'^lf]-Ae{f)}, fieMiine), (4.13) 
/6Ci,(nf) 

is equal to the lower semicontinuous regularization Hj^"^ of Hi (Propositions 3.3 
and 4.1 in [11] or Theorem 5.18 in [24]). Since relative entropy is lower semi- 
continuous, (4.6) implies that 

H'^* ifi) = Hii^i) for ^ e Ali(f2f) such that /io < P. (4.14) 

There is a quenched LDP for the distributions Q-^'^lRf^ G •}, where i?fj is 
the emprirical measure defined in (2.2). The rate function of this LDP is H^* 
(Theorems 3.1 and 3.3 of [26]). 

The reader may be concerned about considering the P-a.s. defined func- 
tionals Ae{g) or A({g, C) on the possibly non-separable function space Cb{fli)- 
However, for bounded functions we can integrate over the limits (2.3) and (2.4) 
and define the free energies without any "a.s. ambiguity" , so for example 

Ai{gX) = lim n-^E(logE[e"<^sH{X,, ^ XniC)}]) ■ 

We extend the duality set-up to involve point to point free energy. 

Theorem 4.6 Let i7 = be a product of separable metric spaces with Borel 
cr-algebra &, shifts {T^}, and an an i.i.d. product measure P. Assume ^ U. 
With £>1, let /2€ Mi{ni) and ( = E^'[Zl]. Then 

Hr{l^)= sup {E'^[g]~Aiig,C)}. (4.15) 

On the other hand, for f G Cb{^e) o,nd Q ^lA, 

AiifX)^ sup {i?^[/]-iJr(M)}. (4.16) 

tj.eMi{fii): £;k[Zi]=c 

Equation (4.16) is valid also when H^*{fi) is replaced with Hi{fi). 
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Proof With fixed C, introduce the convex conjugate of A({g, Q by 

A}{^^,0= sup {E'^[g]-A,ig,0}. (4.17) 

Taking 5(0;, zi,^) = a ■ zi gives yl|(/^, C) > a ' (£'''[^1] - C) - log |7lo| . Thus 
A*g{^IX) = 00 unless = C- 

From Theorems 2.5 and 2.6, £'^[5] — ^^(5, C) is concave in g, convex in 
and continuous in both over Cb{^e) x U. Since U is compact we can apply a 
minimax theorem such as Konig's theorem [16,24]. Utilizing (2.5), 

AU^i)= sup {E'^[g]-Ae{g)} 

geCb(Of) 

= sup inUE'^ig] - A,{g, C)} = mf/K/i, C). 

Thus, if Et'lZi] = C, then yl|(/^) = A}{^jlX)- Since ir;*(At) = A}{^i), (4.15) 
follows from (4.17). 

By double convex duality (Fenchel-Moreau theorem, see e.g. [24]), for / e 
Cb(ll^), 

A(/, C) = sup{ii;"[/] - A*M C)} = sup {E^[J] - A*M} 

P A':-E"[Zi]=C 

and (4.16) follows. 

To replace Hi*{fi) with H^ip) in (4.16), we first consider the case C, & riU 
and reason as was done after (4.12): 

sup {i?^[/]-i/r(M)} 

sup {E'^if] - He{fi)r<^^^ 

= ( sup {E^[f]-H,{p)}) 

^ MeMi(f2t):Sf [Zi]=c ^ 

sup {E^^in-Heifi)}. 

The first equality is the continuity of /i [/] . The second is a consequence 

of the compact sublevel sets of {fi : HI*{ijl) < c}. This compactness follows 
from the exponential tightness in the LDP controlled by the rate H^* , given 
by Theorem 3.3 in [26]. The last equality follows because concavity gives con- 
tinuity oniiU. 

Then, as in the proof of the last part of Theorem 4.4. we can use the 
just proved identity (namely, (4.16) with H'"{^) replaced by Hi{^)) in a new 
setting where the set of admissible steps is TZq ~ UoClTZ where Uq is the unique 
face that contains in its relative interior. This way we get all C, eU. □ 

Next we extend the duality to certain U' functions. 
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Corollary 4.7 Same assumptions on S7, P and TZ as in Theorem 4-6. Let 
/i G A^i(r2f) and C, ~ E^[Zi]. Then the inequalities 

E^[g]~Mg)<Hr{t^) (4.18) 

and 

E>^[g]^A,{gX)<Hr{p) (4.19) 

are valid for all functions g such that g{-, Zi^i) is local and in L^'(P) for all zi^i 
and some p > d, and g is either bounded above or bounded below. 

Proof Since Ai{g,Q < ^eig), (4-18) is a consequence of (4.19). Let H denote 
the class of functions g that satisfy (4.19). TL contains bounded continuous 
local functions by (4.15). 

Bounded pointwise convergence implies convergence. So by the conti- 
nuity of vl^(g, C) (Lemma 3.1(b)), H is closed under bounded pointwise conver- 
gence of local functions with common support. General principles now imply 
that T-l contains all bounded local Borel functions. To reach the last general- 
ization to functions bounded from only one side, observe that their trunca- 
tions converge both monotonically and in L^, thereby making both E^[g] and 
Ai{g,() converge. □ 

Equation (4.16) gives us a variational representation for Ai{g,Q but only 
for bounded continuous g. We come finally to one of our main results, the 
variational representation for general potentials g. 

Theorem 4.8 Let H = be a product of separable metric spaces with Borel 
a-algebra ©, shifts {T^}, and an i.i.d. product measure P. Assume ^ U. Let 
g : fig ^ M. be a function such that for each zi^i G Ti} , g{-,zij) is a local 
function of lo and a member of L^{\?) for some p> d. Then for all ElA, 

Ai{g,C)= sup {E^^[gAc^-Hri^l)}■ (4.20) 

^LeMl{nl)■.E^'[Zl]=^; 
oo 

Equation (4.20) is valid also when H^*{fi) is replaced with H£{fi). 
Proof From (4.19), 

Adg, C) > Ae{g A c, C) > E^[g Ac] - i?;* (/^)- 
Supremum on the right over c and fi gives 

Ai{g,0> sup {E^^[minig,c)]-Hri^l)}. (4.21) 

peA4i(f2i):£;f [Zi]=c 
oo 

For the other direction, let c < cxd and abbreviate g'^ = g /\ c. Let g„i G 
Cb{^i) be a sequence converging to g^ in i'^(P). Let e > 0. By (4.16) we can 
find such that i?^" [Zi] = (, -ff|*(/^rn) < oo and 

Aeigm. 0<e + E^-^ [g^] - i/,** (a^™)- (4-22) 
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Take l3 > and write 
A,{g^, C)<e + E'^- [g^] - Hn^im) + /^-'i?'"" [P{9rn - gl] 
< e + sup{S^[.g^] - H;*{^l) : c> 0, E^'[Zl] = (} 

<e+ [right-hand side of (4.20)] 

n-l 

+ hm max S^ lgmiT^k^, zu) ~ g^iT^^u,, zi.e)\ + l3~'^ H^*{nm) 

fc=0 

<e+ [right-hand side of (4.20)] 

+ CE[ max |5„ - ] + /^-^i?;* (^m). 

The second inequahty above used (4.18), and the last inequahty used (3.1) 
and Chebyshev's inequahty. Take first /? oo, then m — > cxd, and last c oo 
and £ \ 0. Combined with (4.21), we have arrived at (4.20). 

Dropping ** requires no extra work. Since > H^* , (4.21) comes for free. 
For the complementary inequality simply replace H^*{^rn) with Hi^fim) in 
(4.22), as justified by the last line of Theorem 4.6. □ 

5 Directed polymer in the regime 

We illustrate the results of the previous section with an example. In a di- 
rected polymer with an i.i.d environment and high enough temperature, we 
use variational formula (4.3) to derive the value of Ai{g,()- Then we check 
that certain natural Markov chains are maximizers in the variational formula 
(4.20). When we use Hg{^) rather than its l.s.c. regularization H^*{fj,), we can 
show uniqueness of the maximizer. The computations are done in a regime of 
weak disorder, under an assumption that is well-known in this context. We 
restrict to C G ri i^, and the closer to the relative boundary we wish to take C, 
the smaller we need to take the inverse temperature /3. 

The maximizing processes are basically the Markov chains constructed by 
Comets and Yoshida [4], though we admit a more general potential that can 
depend on the local environment and a step of the walk. A similar construction 
was also used by Yilmaz [34] . 

The setting is that of Example 1.2 with some further simplifications, il — 
M.^ is a product space indexed by the space-time lattice where d is the 
spatial dimension and the last coordinate direction is reserved for time. The 
environment is w = {uJx)xgZ'^+'^ and translations are {TxUi)y = uix+y The 
coordinates Wx are i.i.d. under P. The set of admissible steps is of the form 
n = {(z', 1) : z' e n'} for a finite set W C Z'^. 

The situation will be in the weak disorder regime, so we have to assume 
that the difference of two 7?.- walks is at least 3-dimensional. Precisely speaking, 
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the additive subgroup of Z'^+^ generated hy TZ — TZ = {x — y : x,y e TZ} is 
linearly isomorphic to some Z™, and we 

assume that the dimension m > 3. (5-1) 

For example, d > 3 and 71' ~ {ie^ '■ 1 < i < d} given by simple random walk 
qualifies. 

The P-random walk has a kernel {pz)z£Ti- Earlier we assumed Pz = \TZ\ ^ , 
but this is not necessary for the results, any fixed kernel will do. We do assume 
Pz > for each z € TZ. 

The potential is of the form /3g{ujo, z) where /? G (0, oo) is a parameter that 
tunes the strength of the interaction between the environment and the walk. 
We remove all finitcness concerns by assuming that 

gjgc|5(.^,z)|j ^ ^ Jqj, gQ^g c > and aU zeTZ. (5.2) 

Now Ai{/3g, ■ ) is well-defined and continuous on U ioi (3 £ (0, c]. 
Define an averaged logarithmic moment generating function 

A(/3, e) = log J2 E[e'^»(""'^)+^-"] for /3 G [-c, c] and 9 e R'^+\ 

Under a fixed (3, define the convex dual in the 0- variable by 

A*(/?,C)= sup {C-0-A(/3,0)}, CeZ^- (5.3) 

For each /3 e [-c, c] and ( enU there exists 6 e M.'^+^ such that VeA(/3, 0) = C 
and this 9 maximizes in (5.3). A point G ]R'^+^ also maximizes if and only if 

{6 ~ rj) ■ z is constant over z £ TZ. (5-4) 

Maximizers cannot be unique now because the last coordinate 9d+i can vary 
freely without altering the expression in braces in (5.3). The spatial part 
9' = (9i, . . . ,9d) of a maximizer is unique if and only if lA has nonempty 
d-dimensional interior. 

Extend the random walk distribution P to a two-sided walk {Xk)kez that 
satisfies Xq ~ and Zi ^ Xi — Xi^i for all i G Z, where the steps (Zj^gz 
are i.i.d. (p2)-distributed. For n G N define forward and backward partition 
functions 

and martingales 

iy± = e-"^('3^^)Z± with EW^ = 1. 

The martingales are independent of each other. They are also functions 
of {(3, 9) but there is no need to complicate the notation with this. 

Suppose we have made assumptions that guarantee the convergence 

-> (5.5) 



Quenched Point-to-Point Free Energy 



33 



for some 0) (a.s. convergence is automatic for nonnegative martingales). 
Then EW^ = 1, and this combined with Kolmogorov's 0-1 law implies that 
P(W^ > 0) ~ 1. Then we can define a probability measure /Xg on J7 that is 
equivalent to P (in the sense that they share null sets) by 

fiu)^',{dc,) = E[W-W+f]. 

In 

Define a stochastic kernel from i7 to 72, by 

g«(c., z) = p^ef^,M-Km+e..W^^!^^ 

Property X^^gtj '?o('^' ~ ^ comes from (one of) the identities 

where a*-^' = and a'^^ — ~z. These are inherited from the one-step Markov 
decomposition of Z^. For any £ > 0, on fl^ we can define the probability 
measure /i® by 

^i'^{duj, zi,i) = Hg{di^j)q{LL>, zi)q{T^^uj, Z2) ■ ■ ■ q{Txi,_^UJ, zg) (5.7) 

where Xj = zi + ■ ■ ■ + Zj^ and the stochastic kernel 

q'^iiuj, zij), (TjjW, Z2,ez)) = q^{T^^LO, z). (5.8) 

We think of /3 fixed and 9 varying and so include only 6 in the notation of 
fi^ and q^ . Identities (5.6) can be used to show that fi^ is invariant under the 
kernel q^ , or explicitly, for any bounded measurable test function /, 

J2 I ^i\dlo,Zl^i)qHT,,u,z)f{T,,Lo,Z2.^z) = [ f d^i" . (5.9) 

By Lemma 4.1 of [25] the Markov chain with transition q^ started with /i^ is 
an ergodic process. Let us call in general (p, q) a measure-kernel pair if g is a 
Markov kernel and fi is an invariant probability measure: iiq — 11. Recall also 
that the J?- marginal of a probability measure /i on some Jl^ is denoted by fiQ- 

Theorem 5.1 Fix a compact subset lAi in the relative interior of 14. Then 
there exists /3o > such that, for /? G (0,/3o] and C, £hli, we can choose 6 S 
M.'^'^^ such that the following holds. First VeA(/3, 0) = C and 9 is a maximizer 
in (5.3). The martingales are uniformly integrable and the pair {^^,q^) 
is well-defined by (5.7) -(5.8). We have 

vli(/3g,C)--A*(/?,C). (5.10) 

A measure-kernel pair {11, q) on fli such that /ig ^ P satisfies 

Aii^g, C) = E^iPg] - H(/i x q\^i x pi) (5.11) 

if and only if{n,q) = {fJ.^,q'^). 
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Remark 5.2 Note that even though VeX{l3,6) = C does not pick a unique 9, 
by (5.4) replacing 9 by another maximizer does not change the martingales 
or the pair {fj,^,q^). Thus C determines {ii^,q^) uniquely. 

Proof The key technical point is to ensure the uniform integrability of the 
martingales W,f . We do so with an condition. 

Lemma 5.3 Given C < oo there exists /3o = I3q{C) > such that 

sup supE[(W^)2] < oo. 

|e|<c,/3e(o,,3o] " 



Proof We prove Lemma 5.3 for the case of . Given 6' £ M'* and /3 £ (0,c], 
define the tilted kernel 



and let P^'^, E^'^ denote probabilities and expectations for the random walk 
that uses the tilted kernel. Let Xk and Xk denote two independent walks that 
use kernel p^'^ and start at = Xq = 0. Independence of the environments 
and directedness of the walk give, through a straightforward calculation, 



where 



Vn= J2 HXk^Xk}GiZk+i,Zk+i) 

0<k<n 

]E[e/3(s('^o,z)+g(wo,z'))] 



G{z, z') = log 



E[g^g(wo,2)]E[e/^s('^f)'2')] ' 



Ln = X]o<A:<n '^{^k^ Xk = 0} couuts the visits to by the symmetric random 
walk Yk = Xk — Xk , and 

a = max e'^^^-^'^ > 1. (5.13) 

Note that a \ 1 as /3 \ 0. 

Let To = and Tj — inf{fc > Tj_i : Yfc = 0} be the times of successive 
visits to 0. By the strong Markov property 

oo 

Ef>-P[a^^] = a^P'^^in < oo)'^-'P'>^^iT, = oo). 
fe=i 

Thus we have boimdedness in (5.12) if 

aP^''^(ri < oo) < 1 -£ (5.14) 

for some e > 0. The next lemma guarantees that for small enough /3, e > 0, 
(5.14) holds simultaneously for all 6* in a given bounded set. This completes 
the proof of Lemma 5.3. □ 
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Lemma 5.4 For C < oo there exist /3o(C) G (Ojc] and 1] ~ v{C^) > such 
that 

inf P^'^fri = oo) > 77. 

ie|<a/3e(o,/3o] 

Proof Let g^'*^ be the kernel of the symmetric walk Yfe. The support of q^'^ is 
the finite set JC = TZ — TZ, a subset of the image of Z'^ in the space-time lattice 
gd+i^ The point about restricting 6* to a bounded set is that then there exists 
a constant (5o > such that g^'^ > So for all x £ /C, all /? > small enough, 
and all 9 in the bounded set. 

The return probability of the walk is not changed by a linear, isomorphic 
mapping of the subgroup of Z'' where the walk lives. Thus we may assume 
that Yfe is a symmetric walk in Z"^ and aperiodic in the sense of Spitzer [29] , 
namely that the group generated by /C is the entire lattice [29, Sect. 7, 
PI]. It then follows that the characteristic function ip^'^ of q^'^ satisfies < 
/'^(t) < 1 for all t G [-TT, tt]™ \ {0}. 

We bound the return probability with arguments familiar from recurrence 
considerations [10, Sect. 3.2]. 

^ oo oo 

^ ' '^■=0 ^==1 (5.15) 

The last integral is bounded in two parts. Fix Si > small enough so that 
< 7r/(3(5i) for all x G K. and let B{Si) be the open ball of radius Si around 

the origin in R™. For all t in the compact set [— 7r,7r]™ \ B{Si), for all /3 > 

small enough, and for all in a bounded set we have ip^'^{t) < 1 — e for some 

fixed £ > 0, by continuity. 

On the small ball we expand. Let r G (0, Si) and \t\ = 1. 



1 - ^'-^(rt) = ^ (1 - cos{rt ■ x))ql-^ > ^ E 1^ ' ^l' ^''^ ^ 

for another constant S2 > 0. This follows because qf'^ > So and the last 
expression is a continuous function of t that cannot vanish on the unit sphere 
because x € K. generate the entire lattice. Consequently, switching to polar 
coordinates and since to > 3 by assumption (5.1), 

1 



B^Si)l~^''Ht) JO 



dt<C dr < C. 



We have shown that the integral in (5.15) is bounded uniformly as 9 varies 
over a bounded subset of R'' and (3 > gets small. □ 
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An explicit computation gives 

(/ X / I / X p) = Et'" [I3g] - A(/3, 9) + 9 ■ E^'" [Zi] 
= E'^'[(3g]-X{/3,e)+e-\7eX{l3,e) 
= E'^'[f]g]+X*{f3,VgX{(3,e)). (5.16) 

One needs to note that the integral J log dfiQ is well-defined because the 
integrals E[W+ log^ W+] arc both finite, the log^ one because £ L^(P). 

The next lemma gives the the point-to-point free energy in the weak disor- 
der regime where quenched quantities agree with their averaged counterparts. 

Lemma 5.5 Fix a compact subset Ui in the relative interior ofU. Then there 
exists /3o > such that, for /3 £ (0, /3o] and £ Ui, 

yli(/3g,C) = -A*(/3,C). (5.17) 

Proof We appeal to the variational formula from (4.3): 

-Aiil3g,C) = sup{C-t~Ai{l3g + t-zi)}. (5.18) 

Since G U, the quantity in braces is not changed by projecting t orthogonally 
to the vector subspace V that is parallel to the affine hull aSU. This is because 
t — s J-V implies that (t — s) ■ u is constant over u £ aSU. So we may restrict 
the supremum to t £ V . Same reasoning gives 

A*(/3,C) =sup{C-i-A(/3,i)}. 

tev 

Suppose we can show the existence of < /3i,C < oo such that, for /3 £ 
(0,/3i] and C e Wi, 

-yli(/35,C)= sup {(■t-Aiil3g + t-zi)} (5.19) 
teV: \t\<c 

and 

A*(/3,C)= sup {C-t-A(/3,t)}. (5.20) 

t&V: \t\<C 

Note that (with t in place of 9 in W^) 

Ai{l3g + t-zi) = lim n~HogE\e^^"^=o <^^'^'''''^''+'^+*-^"] 
= lim n-HogW+ + X{l3,t). 

n— >cjo 

If we now pick /3q £ (0,/3i] to match C in Lemma 5.3, the last limit above 
vanishes for \t\ < C and l3 € (0,/3o], and (5.19)-(5.20) give 

-A,{f3gX)= sup {C-t-A(/3,t)} = A*(/3,C). 
teV: \t\<c 

This would establish the lemma. 
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It remains to show (5.19)-(5.20). From an obvious lower bound and (5.21) 
with t = 

-^(/3.9,C)>-vli(/3.g) = -A(/3,0). 
Thus (5.19) wiU follow from the existence of C < oo such that 

sup sup sup {(-t-AiilSg+t-zi)} < ~ci = - sup A(/3,0). (5.22) 

/3g(o,/3i] ceWi teV:\t\>c Pe{o,f)i] 

To get a contradiction, suppose 3 Q G Ui, f3j e (0, (3i] and V 3 tj —> oo such 
that 

Cj ■ tj ~ Ai{l3,g + tj-zi)> -ci. (5.23) 

Pass to a subsequence to assume Cj ^ C G a-nd tj/ \tj \ — s G V". 

There exists z G TZ such that s ■ {z — C,) > 0. li this were not so, we would 
have s • z < s • C for all z G 7^, and hence also s ■ x < s ■ ( ioi all x G U. But 
C, G riU and s G F imply that ( + es gU ior small enough e > and we have 
a contradiction. (This was the point of restricting the suprema to V to begin 
with.) 

Now bound as follows: 

> lim n-Mogi;[e'^^^^-=of('^-^'=^^'=+i^+*'-'^",Zi„ = (z,z,...,z)] 
= ft]E[g(a;o, z)] +tj ■ z + logp^. 
Inequality (5.23) and the above boimd give 

- \tj\ ^ • - 0) > /3jIE[5(wo, 2)] + logp, - ci 

which must eventually fail. We have verified (5.22) and thereby (5.19). 

(5.20) comes by essentially the same argument. □ 

We can complete the proof of Theorem 5.1. That (5.11) holds for (/i,q) = 
{fi^ , q^) comes from (5.16) and (5.17), when 9 is chosen to satisfy VeA(/3, 6) = 

It remains to prove the uniqueness. Suppose (/i, q) also satisfies fiQ ^ ¥ 
and (5.11). For < s < 1 we can create another measure-kernel pair (/2, q) by 
p, = sfjP + (1 — s)^ and 

?(??> S+vi) = SLp{ri)q\iq, S+t]) + (1 - s)%l;{ri)q{-q, S+r]) 

where (p = d^^ /dp, and tp = dfi/dp.. Since (/I, q) cannot give a larger value on 
the right side of (5.11), strict convexity of x log x forces q{r], S^rj) = (7^(77, S^r]) 
fjL-a.s. Take a bounded measurable test function /. By the stationarity of the 
{fi, g)-chain 

n— 1 n— 1 

fc=0 fc=0 
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where the last limit uses the ergodicity of (/l<^,(?^) and the absolute continuity 
/Lt -C /^^ which is a consequence of ~ P. Thus /i = jjP . Theorem 5.1 is 
proved. 

6 The 1+1 dimensional log-gamma polymer 

This last section of the paper raises a point for future study. One goal is to 
develop this large deviation approach into a tool for accessing properties of 
the limiting free energy Ai[g,C,) even in strong disorder, that is, when 
in (5.5) vanish. We discuss the exactly solvable 1+1 dimensional log-gamma 
polymer introduced in [28] . With the help of special information available for 
this model we show that our formula for A{gX) = ^o(3:C) is the same as 
a known variational formula obtained earlier through a completely different 
argument. (Note that we are not giving a new independent derivation of this 
known formula.) 

This model is a special case of Example 1.2 with d = 2 and TZ = {ei, 62}. So 
paths started from the origin are nearest-neighbor lattice paths in whose 
steps point in the coordinate directions. The potential is simply .g(w) = wq. Co- 
ordinates LOx of the environment are i.i.d. "— log gamma" distributed. In other 
words, with a fixed parameter p € (0, 00), the variable e~^'' has Gamma(/9) 
distribution: for i G M, 

P{w^ < <} P{e-"== > e-*} = r(p)"i / sP-^e-'' ds. 

In the log-gamma case the limit A(g, ^) can be computed by introducing 
a stationary version of the model and by doing essentially a "hydrodynamic 
limit" computation. For C = {x,l — x) E M.\_ this leads to 

A{g, {x,l - x)) ^ - log2+ inf {-xM&) - - x)%ip - 0)} (6.1) 

eeio.p) 

where S'o(i) = r'{t)/r{t) is the digamma function. (See Theorem 2.1 and the 
proof of Lemma 4.1 in [14].) 

Recall from Remark 4.2 the duality 

/^'(C) = sup{C-t-a(0} (6.2) 

for the level 1 rate function of Theorem 4.1, where a is the quenched limiting 
logarithmic moment generating function 

a{t) = lim n"4og£;'3r (e*-^-). 

Ideally we would like to derive (6.1) from the theory developed in this 
paper. This is left for future work. By utilizing (6.1) itself, we can make the 
following observation. 

Remark 6.1 In the log-gamma model, formula (6.2) specializes to (6.1). 
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Before proving Remark 6.1, let us explain its point. Derivations of (6.1) 
([14] and also [28]) do not involve large deviations. Instead (6.1) is the min- 
imal free energy of a stationary log-gamma polymer that is compatible with 
the choice of parameter p for the bulk weights. These stationary models are in- 
dexed by £ (0, p) which parametrizes their initial, or boundary, conditions. 
The existence of a stationary version is a special feature of the log-gamma 
model. 

Because rate function /^(C) comes from a contraction from a higher level 
LDP, variational formula (6.2) should be explainable through finding a natural 
Markov process on environments and paths under which the path has speed C- 
(This is exactly what was done in Theorem 5.1 in the weak disorder regime.) 
Consequently, (6.1) should also represent the choice of a natural Markov pro- 
cess, indexed by the parameter 9. Thus the Markov processes singled out by 
variational formulas could be the general analogue of the special stationary 
boundary conditions of the log-gamma model. If the choice of these Markov 
processes were understood, some progress might be possible in polymers in 
strong disorder beyond the exactly solvable log-gamma model. 

Proof of Remark 6.1 On (0, cx)), tf'o is strictly concave, strictly increasing and 
^^0(0+) = —00. The trigamma function 'I'l ~ '1'^ is strictly convex, strictly 
decreasing, !f'i(0+) = 00 and !f'i(oo) = 0. Let 9{x) G (0,/?) be uniquely deter- 
mined by 

x^i{e{x)) - (1 - x)^i{p - e{x)) = 0. 

It minimizes in (6.1) so that 

A{g, [x, 1 - x)) - - log 2 - xMd{x)) - (1 - x)Mp - S{x)). 

First we reduce the dimension in (6.2). Note that (1,1) • Xn = n, and so 
a{ti +b,t2 + b) = a{ti,t2) + b. Then for C = (2:, 1 - x), a; G [0,1], (6.2) 
simplifies to 

P{x,l-x) =sup{xt-a(t,0)}. (6.3) 

As n — )■ 00, 

n-ilogi;'?"^(e(*i'*^)-^") 

n 

= n-Mog^e(*i'*^)-('='"~'^)i;[e^^;o'^^fc,X„ = {k,n-k)] 

k=0 

sup {{ti,t2)-{x,l-x)+A{g,{x,l~x))^A{g)}. 

xe[o,i] 

Consequently 

a{t,0) = sup {tx - xMO{x)) - (1 - x)Mp ~ 0{x))} - log 2 - ^1(5) 
xe[o,i] 

= tx- xMHx)) - (1 - x)%{p - 9{x)) - log 2 - A{g) 
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for the unique x determined by 

Change variables between t eR and 6 e (0, p) via equation 

t = M0)-Mp-0)- (6.4) 

Then 

a{M0) - Mp - 0), 0) = -Mp - 0) - log 2 - A{g). 

To obtain (6.1) from (6.3), perform the change of variable (6.4) on the right, 
while on the left use /^(x, \ — x) ~ A{g) — A{g, (x, 1 — x)). □ 



A A convex analysis lemma 

Lemma A.l LetX be a finite subset ofR^ and f £ col. Suppose Q = 5Zzgi/^2-^ with each 
/3z > and X]zsl A ~ ^- ^ col be a sequence such that 5„ — > Then there exist 

coefficients a" > such that J^zgi'^J = 1> S" = Ezgi'^S'-^ '^'^'^ /o*" eic/i 2 S X, — /Jz 
as n — > oo. 

Furthermore, assume X C Q'' araci G Q'*- Then the coefficients a" can 6e taken 
rational. 

Proof First we reduce the proof to the case where there exists a subset Xq C X such that Xq 
is affinely independent and generates the same afBne hull as X, and ^„ G coXq for all n. To 
justify this reduction, note that there are finitely many such sets Xq, and each ^„ must lie 
in the convex hull of some Xq (Caratheodory's Theorem [27, Theorem 17.1] applied to the 
affine hull of X). All but finitely many of the ^n's are contained in subsequences that lie in 
a particular coXq. The coefficients of the finitely many remaining ^„'s are irrelevant for the 
claim made in the lemma. 

After the above reduction, the limit — > C forces S coXq. The points i £ X \ Xq lie 
in the affine hull of Xq and hence have barycentric coordinates: 

7z,z G M, ^ = 7z,z2, ^ 7z,z = 1 for 2 G XxXq. 
zeio zeio 

Consequently 

c = E ^-'^ = E + E -/^.ii^^- ^ E (A.l) 

zei zeio z6i\io zeio 

where the last identity defines the unique barycentric coordinates /3z of relative to Xq. 
Define the Xq X X matrix A = [ / | {7z,i} ] where / is the Xq x Xq identity matrix and 
(2,2) ranges over Xq x (X\Xo). Then (A.l) is the identity Afi = p for the (column) vectors 
/3 = (/3z)zel = (/3z)zelo- Since 77 = 0]* is also a solution of Arj = /3, we can write 

p = [i3 0Y +y with y G ker A. 

Let 5„ = X]»elo define the barycentric coordinates of Since the coordinates arc 
unique, — > C, forces a" — ^ ^. Let a" = [a" 0]' + y. Then Act" = a" which says that 
= Szel'^"'^' ~^ Since /3z > 0, inequality > fails at most finitely many 

times, and for finitely many 5„ we can replace the cij's with any coefficients that exist by 
£,n G coX. Lastly, for X)z6l'^? ~ ^ ™^ need Xlzel^'z = 0- This comes from Ay = because 
the column sums of A are all 1. This completes the proof of the first part of the lemma. 

Assume now that X C Q'' and 5„ G Q''. Then by Lemma A.l. in [26] the vector a" is 
rational. By Lemma A. 2. in [23] we can find rational vectors jy" G ker A such that y^ — > y. 
This time take q" = [a" 0]* + j/". □ 
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B A concentration inequality 

We state a concentration inequality for the case of a bounded potential g. It comes from the 
ideas of Liu and Watbled [18], in the form given by Comets and Yoshida [5]. 

Lemma B.l Let P he an i.i.d. product measure on a product space Q = with qeneric 
elements uj = (u)x)^^id ■ Let g : iii — > R &e a bounded measurable function such that, for 
each Zi £ £ TZ^ , g{- , Zi.f ) is a local function of ui. Let C, (^U and 

F„H = log£;[eSfc;o9{T'x,-,2.+i,fc+.)lL|j(^^ = (B 1) 

Let Uo be a face of U such that C, (^Uo, and assume that Wo ■ 

Then there exist constants B,c G (0, oo) such that, for all n G N and e G (0, c), 

F{u) : \F„(uj) - nAi{g, C)| > ne} < 2e-^^^". (B.2) 



Proof Since n ^¥.F„, — > Ai{g,(^), we can prove instead 

: \F„{uj) - EFn\ > ne} < 26"-^'=^". (B.3) 

As before, with TZo = TinUo we have Uo = co Tio, any admissible path a;o,n with Xn = £n(C) 
uses only 7?.o-steps, and from Wo follows the existence of « G Z'* such that u ■ z > 1 for 
all z G Ti-Q. Set Mq = maXj,g7jQ u ■ z. 

Fix ro G N so that g(a;, zi i) depends on u) only through {u)x '■ \x ■ u\ < ro}. Let no G N be 
such that ngro > Mon+rg. On fi define the filtration 'Ho = {0, Hj = o{uJx '■ x-u < jro} 
for 1 < J < no. Since x„ ■ it < Mqti, Fn is "Hno -measurable. 

To apply Lemma A.l of [5] we need to find Gi, . . . , Gno G L^{¥) such that 

ElG,\n,^i]=nGj\n,] (B.4) 

and 

E[e*l-^"-°jl < 6 (B.5) 

for constants t, 6 G (0, oo) and all 1 < j < ng. 

For the background random walk define stopping times 

pj = inf{fc > : Xfc ■ it > (j - 2)ro} 

and 

cTj = infjfc > : Xf^ ■ it > {j + l)'''o}- 
Abbreviate f{x) = l.{x = x„{(^)}. For 1 < j < no put 



k: 0<k<nApj 
nAa j<k^n 

and 

G,{u:,) =\ogE[Wjip{X^)]. 
Then Wj does not depend on {u)x '■ (j — l)r"o < x ■ u < jro} and consequently (B.4) holds 
by the independence of the {lOx}- 

Let t G M \ (0, 1). By Jensen's inequality, 

nAcTj -1 

E[Wj^{X„)] 

^ g[Ty,eg|*K^,-p,)y(X„)] ^ ^c\t\ 
E[Wj-^::{X„)] 
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since g is bounded and aj ~ pj < 3ro. This implies (B.5) since t can be taken of either sign. 

Lemma A.l of [5] now gives {B.2). Note that parameter n in Lemma A.l of [5] is actually 
our no- But the ratio n/no is bounded and bounded away from zero so this discrepancy does 
not harm (B.3). □ 
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